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Dissipation range cascades in plasma turbulence are described and spectra are formulated from

the scaled attenuation in wavenumber space of the spectral energy transfer rate. This yields

spectra characterized by the product of a power law and exponential fall-off, applicable to all

scales. Spectral indices of the power law and exponential fall-off depend on the scaling of the

dissipation, the strength of the nonlinearity, and nonlocal effects when dissipation rates of

multiple fluctuation fields are different. The theory is used to derive spectra for MHD turbulence

with magnetic Prandtl number greater than unity, extending previous work. The theory is also

applied to generic plasma turbulence by considering the spectrum from damping with arbitrary

wavenumber scaling. The latter is relevant to ion temperature gradient turbulence modeled by

gyrokinetics. The spectrum in this case has an exponential component that becomes weaker at

small scale, giving a power law asymptotically. Results from the theory are compared to three

very different types of turbulence. These include the magnetic plasma turbulence of the Madison

Symmetric Torus, the MHD turbulence of liquid metal in the Madison Dynamo Experiment, and

gyrokinetic simulation of ion temperature gradient turbulence. VC 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.3698309]

I. INTRODUCTION

Descriptions of turbulent cascades generally focus on

the inertial range where scaling and self similarity provide

powerful tools for describing the energy transfer between

scales.1,2 In the dissipation range, where self similarity and

scale invariance are broken, cascading to smaller scales con-

tinues, albeit with energy losses to dissipation.3 Measure-

ments in laboratory, space, and astrophysical plasmas have

begun to probe scales where dissipation arises4–8 and much

can be learned by comparisons with theoretical models that

account for dissipation in the turbulent cascade.

In plasmas, dissipation range cascades have a variety of

complications that affect the spectrum and which can be

probed and better understood by measurement and compari-

sons. There are multiple fluctuation fields with potentially

different dissipation rates, similar to what occurs in thermal

convection at different Prandtl numbers.9 There are situa-

tions where the spectral transfer rate is modified by inertial

effects, such as intermittency or when turbulently interacting

vector fields become increasing aligned at smaller scales.10

In certain situations there are kinetic effects, which effec-

tively put the turbulence in a phase space with velocity and

spatial coordinates.11,12 From one situation to the next, the

form and nature of dissipation can change radically. In all of

these cases, the fundamental interaction between dissipation

and turbulent energy transfer is modified. For all, it is

desirable to have a set of general principles with which to

describe this interaction.

There are also important issues that arise from the

boundedness and inhomogeneity that generally accompany

instability. In unbounded plasmas and in laboratory plasmas

at sufficiently small scales for boundary conditions to have

little effect on the dynamics, dissipation ranges naturally

arise at small scales, just as in hydrodynamic turbulence.

This is to be expected whenever the dissipation rate grows

faster as a function of wavenumber than does the eddy turn-

over rate or some other appropriate measure of the nonlinear

energy transfer rate. However, it has recently been shown

that instability-driven plasma turbulence, as is found for

example in magnetic fusion devices, has significant energy

dissipation in the same scales as the instability drive.13 In

this situation, the turbulence is born in a dissipation range.

Not only there is no inertial range in the scales where the

instability is saturated, but also there is no separation

between driven scales and dissipated scales. This situation is

very unlike the arrangement of driving and dissipation

assumed in high Reynolds number hydrodynamic turbulence

and is not uncommon in plasmas.14 It occurs because disper-

sion relations with instability in one root have other roots

that are damped for the scales of the instability, and these are

excited nonlinearly by three wave coupling.15 We wish to

know whether the physics of this large scale dissipation

range has any connection or similarity to the classical small-

scale dissipation range.

In this paper, we describe physical principles that apply

to dissipation range turbulent cascades in plasmas for a wide

a)Paper GI3 1, Bull. Am. Phys. Soc. 56, 94 (2011).
b)Invited speaker.
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variety of turbulent situations with different forms of dissipa-

tion. These principles can be used to derive spectra and com-

pare with experimental measurements or observations from

simulations. After setting out the principles, we illustrate

their application in several situations. For each illustration, a

dissipation range spectrum is derived. A recent paper derived

dissipation range spectra for MHD with magnetic Prandtl

number Pm � 1.16 Our first illustration takes up the case of

MHD with Pm > 1 and considers situations with and without

scale-dependent alignment of the magnetic and flow fields.

We next consider a general case with arbitrary dissipation

that scales in wavenumber space. The third illustration is

tokamak microturbulence. We develop an approximation for

the asymptotic spectrum of ion temperature gradient (ITG)

turbulence where there is dissipation from damped modes in

the wavenumber range of the instability drive. We then con-

sider comparisons with experiment and simulation and look

at three cases. These are magnetic turbulence in liquid metal

from measurements in the Madison dynamo experiment

(MDE),8 magnetic turbulence in a plasma from the Madison

symmetric torus (MST),17 and ITG turbulence from a gyroki-

netic model.18

Because this work explores a new area, the effects con-

sidered do not include everything that might be pertinent to

observations. Anisotropy, two-fluid, and kinetic effects are

not treated in the MHD model. For ITG turbulence, kinetic

effects and anisotropy intrinsic to the gyrokinetic model

enter empirically in the modeling of the amplitude dependent

dissipation from damped modes, but these effects are not

treated explicitly. Comparisons are therefore exploratory and

preliminary.

II. GENERAL PHYSICAL PRINCIPLES

The self similarity of inertial range energy transfer is pre-

dicated on two hypotheses. One is that the nonlinearity has no

intrinsic scale. The other is that dissipation is negligible on

dynamical (nonlinear) time scales, essentially guaranteeing

that no energy is lost to dissipation in the interactions that

carry energy from one scale to the next. With these hypothe-

ses, the energy transfer rate Tk at each scale k�1 is equal to

the energy input rate �. For Navier-Stokes turbulence

Tk ¼ v3
kk, where vk is the flow, yielding the Kolmogorov

result vk / �1=3k�1=3, or EðkÞ / �2=3k�5=3, where EðkÞ ¼
v2

k=k is the spectrum.

In reality, dissipation is not zero in the inertial range,

but its rate is merely small compared to the energy transfer

rate. Its magnitude scales with wavenumber, as does the ratio

of energy transfer rate to dissipation rate, R ¼ Tk=lk2EðkÞ,
where l is the viscosity. Using the expressions above,

R ¼ �1=3l�1k�4=3, from which we see that R� 1 for k small,

R¼ 1 for some scale kd ¼ �1=4=l3=4, and R� 1 for k large.

(When k is a system scale, R is the Reynolds number; kd is

the Kolmogorov wavenumber, generally taken to be the

wavenumber that separates the inertial range from the dissi-

pation range.) The scaling of R indicates that nonlinear trans-

fer coexists with dissipation at all scales, and therefore, that

dissipation should be scaled into the dynamical balance that

yields the energy spectrum, along with � and Tk.

When this is done under a variety of closure schemes

[which relate Tk to E(k)], the spectrum assumes the form

EðkÞ ¼ a�2=3k�5=3exp �b
k

kd

� �a� �
; (1)

where a and b are constants, and a is a number whose value

falls between 1 and 2, depending on the closure.3,19–24 The

exponential function in which dissipation resides applies

over the entire spectrum. With a > 0, it makes an increas-

ingly negligible correction to the power law as k becomes

much smaller than kd. Conversely, the power law also holds

over the entire spectrum, but its correction to the exponential

is increasingly negligible for k much greater than kd. For

energy to progress to smaller scales beyond kd , nonlinear

energy transfer must remain operative. The continuation of

the power law for k > kd simply asserts that the transfer

retains its inertial scaling and self similarity even as dissipa-

tion removes a greater fraction of energy remaining in the

cascade. We know of no proof that these inertial properties

must continue into the dissipation range k > kd, but the hy-

pothesis seems reasonable by Occam’s razor.

A simple and physically appealing scaled balance

between dissipation and energy transfer is

�lk2EðkÞ ¼ dTk

dk
; (2)

which asserts that dissipation attenuates “propagation” of

energy to higher k. Under a simple procedure by Tennekes

and Lumley that incorporates the inertial balance � ¼ Tk into

the dissipative balance Eq. (2), the latter can be solved

to yield Eq. (1) with a ¼ 4=3.3 There is some evidence that

a ¼ 1 may be physically more realistic. We are interested

primarily in an intuitive basis for discussing and assessing

dissipation range effects in plasmas. Equation (2) provides a

straightforward and transparent means for doing so and will

be adopted in this paper as the central construct for describ-

ing energy cascades in the presence of dissipation.

The effects we will consider fall in three categories,

namely (1) modifications of the wavenumber scaling of the

nonlinear transfer strength Tk, (2) modifications of the wave-

number scaling of the dissipation rate, and (3) nonlocal

effects (in wavenumber) from multiple fluctuation fields

with different dissipation rates.

A. Transfer strength scaling

According to Eq. (1), the nonlinear transfer rate Tk is not

constant across the entire spectrum. If some nonlinear process

makes Tk stronger as k increases, it is expected from Eq. (2)

that attenuation by dissipation becomes less efficient relative

to nonlinear transfer and exponential falloff weakens. Con-

versely, if some process makes Tk weaker as k increases,

attenuation becomes more efficient relative to transfer and ex-

ponential falloff is steeper. An example of a nonlinear process

that changes the strength of Tk as a function of k is intermit-

tency as described by an eddy mitosis model.25 The steeper

inertial range spectrum EðkÞ ¼ �2=3k�5=3ðkl0Þ�ð3�DÞ=3
, where

D < 3 and l0 is a system scale, implies that intermittency
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makes Tk stronger as k increases and leads to a slower expo-

nential falloff.

In plasma models, there are different forms for the nonli-

nearities and hence different transfer rates Tk. For MHD,

the nonlinear transfer for the flow equation is TvðkÞ
¼
Ð
fv � ðv � rÞv� v � ðB � rÞBgexp½ik � x�d3x, where v and

B are the flow and magnetic field. This form is clearly sensi-

tive to the nonlinear orientation of the vectors v and B. If v

and B become increasingly aligned as k increases, it has been

shown that Tk becomes weaker. This type of scale dependent

dynamic alignment is postulated to occur in MHD turbu-

lence.10 Referring to Eq. (1), it makes the exponent of k in the

power law less negative and increases the value of a. Exam-

ples are given in Ref. 16.

B. Dissipation rate scaling

The viscous dissipation of hydrodynamics goes as lk2.

Resistivity and isotropic viscosity in MHD also scale as k2.

This is a common scaling for dissipative terms in fluid mod-

els, including plasma models. In kinetic theory, the irreversi-

ble dissipation is governed by collision operators and may

not have the same scaling with wavenumber. Moreover,

there is another critical concern regarding dissipation in

plasma turbulence driven by instability. Recent work shows

that damped modes are excited in instability driven turbu-

lence in the same wavenumber range as the instability.11,14

This produces a nonlinear (i.e., amplitude dependent) damp-

ing rate that is not given by linear rates such as lk2, either in

magnitude or in scaling. While spectra can still be formu-

lated, the damping at finite amplitude must be used in place

of linear damping rates.

In general, if dissipation is known and represented by a

coefficient times k to a power d, the exponential falloff of

the spectrum will be steeper (a larger) if d is larger, and

smaller a smaller if d is smaller. This will be illustrated in

Secs. III B and III C.

C. Differential dissipation and nonlocality

When turbulence involves multiple fluctuation fields

with different rates of dissipation, each field has a different

wavenumber kd , which for discussion purposes we call kd1

and kd2 with kd1 < kd2. This occurs in well known circum-

stances for thermal convection with Prandtl number P 6¼ 1

and in MHD with magnetic Prandtl number Pm 6¼ 1, where

P¼l=v is the ratio of viscosity to thermal conductivity and

Pm¼l=g is the ratio of viscosity to resistivity. In these sys-

tems, all dissipation rates scale as k2, but the same situation

arises if there are other scalings. Contrary to a simplistic

extension of Eq. (1) to each field, the field with kd1 need not

be dominated by exponential decay for kd1 < k < kd2.

Instead it is possible for nonlocal wavenumber interactions

between fluctuations at k > kd1 and k0 < kd1 to sustain some

type of power law falloff. For example, in MHD turbulence

with Pm < 1; g > l, where g is the resistivity. Thus

kd1 � kg < kl � kd2. In the range kg < k < kl, the magnetic

energy is not dominated by exponential decay. Through the

nonlocal interaction of Bk;Bk0 and vk�k0 , where k0 < kg,

the magnetic energy is dominated by a power law with the

exponent 11/3.26,27 For k > kl, all fields are dominated by

exponential decay in a way that can be extracted from balan-

ces like that of Eq. (2).16

In thermal convection for P > 1; kd1 � kl < kv � kd2,

where v is the thermal conductivity. The temperature fluctua-

tion is a passive scalar convected by the turbulent flow. For

k > kl, the flow is dominated by exponential decay, but the

convected temperature is not. Rather, small scale tempera-

ture structure for k > kl is nonlocally convected by large

scale flow with k0 < kl, leading to decay for ETðkÞ ¼ T2
k=k

dominated by a power law in the same wavenumbers for

which the flow is dominated by exponential decay.9 This sit-

uation is believed to apply to MHD turbulence for Pm > 1,28

and is described in Sec. III.

III. ILLUSTRATIONS

To illustrate the dissipation range effects introduced

above, we consider three dissipation range situations in

plasma physics that were not considered in earlier work.16

The comparisons, which follow in Sec. IV, will relate both

to some the new calculations in this section and to earlier

calculations.

A. Pm > 1 MHD turbulence

1. Unaligned turbulence

MHD turbulence with Pm 6¼ 1 illustrates both the effect

of scaled changes in the energy transfer rate and nonlocal

interaction regimes when the dissipation rates of two fluctua-

tion fields are unequal. Previous work derived spectra for

Pm � 1;16 here we consider Pm > 1. The resistive incom-

pressible MHD equations are

@v

@t
þ v � rv� B � rB ¼ �r pþ B2

2

� �
þ lr2v; (3)

@B

@t
þ v � rB� B � rv ¼ gr2B; (4)

where all symbols have their usual meanings and the viscos-

ity l is isotropic. A factor 1=
ffiffiffiffiffiffiffiffi
4pq
p

has been absorbed into

the variable B, where q is the mass density. There are two

dissipated transfer balances, one for each field, given by

�2lEvðkÞk2 ¼ dTv

dk
; (5)

�2gEBðkÞk2 ¼ dTB

dk
; (6)

where EvðkÞ and EBðkÞ are the spectral power densities asso-

ciated with flow and magnetic field fluctuation, defined by

EvðkÞ ¼
Ð

v2exp½ik � x�d3x and EBðkÞ ¼
Ð

B2exp½ik � x�d3x.

The spectral energy transfer rates TvðkÞ and TBðkÞ are

TvðkÞ ¼
ð
fv � ðv � rÞv� v � ðB � rÞBg exp½ik � x�d3x; (7)

TBðkÞ ¼
ð
fB � ðv � rÞB� B � ðB � rÞvg exp½ik � x�d3x: (8)
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Solution of Eqs. (5) and (6) for EvðkÞ and EBðkÞ requires that

TvðkÞ and TBðkÞ be expressed in terms of EvðkÞ and EBðkÞ.
This step constitutes a closure and is subject to subtleties that

lie outside the scope of the present work. Moreover, there

are multiple possibilities for forming the closure, with differ-

ent outcomes, which will require more information from

experiments and simulations to validate. We know from sim-

ulations that the magnetic energy enters a regime where

EB / k�1 for k > kl,28 and we will ensure that our closure

captures this behavior. Our guide is thermal convection for

P > 1, where temperature fluctuations are essentially a pas-

sive scalar field and found to decay as k�1.9 With B as a pas-

sive scalar by analogy, Tv is closed as in hydrodynamics.

Following the procedure of Tennekes and Lumley,3

Tv ¼ v3
kk ¼ vv

v2
k

k
k2 ¼ vkEvðkÞk2 ¼ �1=3k�1=3EvðkÞk2

¼ �1=3EvðkÞk5=3: (9)

In this procedure, the inertial range spectrum is used to write

vk as a function of k. This incorporates the forcing as a

boundary condition. In developing Eq. (9), we assume that v

and B do not have scale-dependent alignment. The effects of

alignment will be taken up shortly. Substituting Eq. (9) into

Eq. (5) and solving yields

EvðkÞ ¼ �2=3k�5=3exp � 3

2

k

klun

� �4=3
" #

; (10)

for all k, where klun
¼ �1=4=l3=4.

Under the passive scalar argument, TB is governed by its

first term in Eq. (8), TB ¼ ðv � rÞB2. Following Batchelor,

ðv � rÞB2 ! vklun
klun

B2
k ¼ vklun

klun
EBðkÞk; (11)

where the scale k is in the range intermediate to the viscous

and resistive Kolmogorov scales klun
< k < kgun

. The treat-

ment v � r ! vklun
klun

acknowledges that klun
is the smallest

inertial scale in the flow, with still smaller scales being expo-

nentially small and negligible. The combination vklun
klun

is

the Lagrangian straining rate. An alternative combination

vklun
k is not a proper nonlinear decorrelation rate because, as

an Eulerian sweeping rate, it does not distort fluctuations at

scale k. The triad interaction of Eq. (11) is a nonlocal interac-

tion in wavenumber space. It involves a scale k0 ¼ klun
in the

inertial range and scales k and k � k0 	 k in the viscous dis-

sipation range k > klun
.

Noting that vklun
klun
¼ ð�=lÞ1=2

, Eq. (6) becomes

�2gEBðkÞk2 ¼ d

dk
ð�=lÞ1=2EBðkÞk
h i

: (12)

Its solution is

EBðkÞ ¼ ck�1exp � 1

2

k

kgun

� �2
" #

ðk 
 klun
Þ; (13)

where c is a constant and kgun
¼ �1=4=g1=2l1=4 ¼ klun

Pm1=2.

This spectrum is dominated by the k�1 power law until

k ¼ kgun
, after which the exponential dominates. Note that

the passive scalar advection of B, as given in Eq. (11), yields

a relatively weak increase of TB with k. This translates into a

shallow k�1 power-law falloff and a steep exponential falloff

with a power 2 in the argument of the exponent. The reason

for this behavior is that the relatively slow eddy turnover rate

does not move energy quickly through inertial scales, giving

shallow power law decay, while it allows large dissipation in

a nonlinear correlation time, giving rapid exponential decay

once k > kgun
.

The constant c in Eq. (13) can be calculated from the

continuity of EB at k ¼ klun
. If we assume that EB is in equi-

partition with Ev in the inertial range k < klun
, the magnetic

spectrum in these scales is given by

EBðkÞ ¼ �2=3k�5=3exp � 3

2

k

klun

� �4=3
" #

; ðk � klun
Þ: (14)

Equating Eqs. (13) and (14) at k ¼ klun
, c is found to be c ¼

�2=3ð�1=4=l3=4Þ�2=3
exp½ðg=2lÞ � 3=2� ¼ ð�lÞ1=2

exp½ð2PmÞ�1

�3=2�. With this constant, the magnetic energy spectrum for

k 
 klun
is

EBðkÞ ¼ k�1ð�lÞ1=2
exp

1

2
Pm�1 � 3

2
� 1

2

k

kgun

� �2
" #

;

ðk 
 klun
Þ: (15)

It might be argued that near k ¼ klun
, nonlinear transfer is not

sufficiently fast to maintain equipartition given the stronger

dissipation in Ev relative to EB. Then the magnetic spectrum

for k < klun
would be EBðkÞ ¼ �2=3k�5=3exp½�ð3=2Þ

ðk=kgun
Þ4=3�, where the exponential factor is closer to unity

than that of Eq. (14) because kgun
appears in place of klun

. The

slightly modified magnetic spectrum for k < klun
yields a

slightly modified constant c ¼ ð�lÞ1=2
exp½ð1=2ÞPm�1 �

ð3=2Þ Pm�2=3�.

2. Aligned turbulence

In MHD, the magnitudes of the nonlinear transfer rates

Tv and TB are sensitive to whether the vector fields v and B

are largely perpendicular or more parallel. When the degree

of vector alignment is scale dependent, the spectrum

acquires a different power law.10 According to Eqs. (5) and

(6), it also acquires a different exponential decay. Alignment

has its most elegant expression in terms of Elsässer variables

Zþ ¼ vþ B and Z� ¼ v� B. Representing the two varia-

bles with the notation Z6, the MHD equations become

@Z6

@t
þ Z� � rZ6 ¼ �r pþ B2

2

� �
þ ðlþ gÞ

2
r2Z6

þ ðl� gÞ
2
r2Z�: (16)

The transfer attenuation balances are
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�2ðlþ gÞE6k2 þ 2ðl� gÞk2

ð
Zþ � Z�exp½ik � x�d3x

¼ dT6

dk
; (17)

where E6ðkÞ¼
Ð

Z2
6exp½ik �x�d3x and T6ðkÞ¼

Ð
Z6 � ðZ� �rÞ

Z6exp½ik �x�d3x. Alignment affects the magnitude of Z6 �
ðZ� �rÞZ6 and can be expressed as a scaled factor Hk in a

form of T6 that uses magnitudes of Z6

T6ðkÞ ¼ Z2
6Z�Hkk: (18)

When Hk is independent of k, there is no scale dependent

alignment and the results of unaligned turbulence are recov-

ered. When Hk decreases with k, T6 becomes weaker with

increasing k, producing a spectrum with a shallower power

law falloff. Simulations suggest that the spectra of MHD tur-

bulence should decay as k�3=2,29 and this decay rate is

obtained in an inertial balance � ¼ T6ðkÞ when

Hk ¼ �1=4=V
3=4
A k1=4.

We assume that v2 ¼ B2, which gives Zþ � Z� ¼ 0 in

Eq. (17). To solve Eq. (17), we substitute Hk ¼ �1=4=V
3=4
A k1=4

into Eq. (18) and use the closure T6ðkÞ ¼ Z�E6ðkÞ
k2Hk ¼ E6ðkÞ�1=2k3=2=V

1=2
A , where Z� is taken from the iner-

tial balance � ¼ Z3
�Hkk. The resulting spectra are

E6ðkÞ ¼ �1=2V
1=2
A k�3=2exp � 4

3

k

klal

� �3=2
" #

; (19)

where klal
¼ 22=3�1=3=V

1=3
A ðgþ lÞ2=3

. We note that relative

to the comparable spectrum for unaligned turbulence, Eq.

(10), the power law falloff is shallower and the exponential

falloff is steeper, consistent with the scale dependent reduc-

tion of T6 caused by alignment.

Equation (19) represents the spectra of aligned turbu-

lence in the inertial range k < klal
. In the dissipation range,

alignment ceases to depend on scale. This is observed in sim-

ulations30 for Pm¼ 1. It is not unexpected for Pm > 1, given

the very different nonlinear processes in Ev and EB repre-

sented by the nonlocal straining of a passive B. To derive the

spectra for k > klal
, we first convert E6 to Ev and EB. For

v � B small, E6ðkÞ ¼ v2
k þ B2

k62v � B 	 v2
k þ B2

k , and

EvðkÞ ¼ EBðkÞ ¼ a<k�3=2�1=2V
1=2
A exp½�4=3ðk=klal

Þ3=2� for

k � klal
, where a< is a constant. For k > klal

, where there is

no scale dependent alignment, we have EvðkÞ ¼
a>�

2=3k�5=3exp ½�ð3=2Þðk=klun
Þ4=3�, where a> is a constant

and klun
¼ �1=4=l3=4 as before. We choose a> to match these

spectra at k ¼ klal
, yielding

a> ¼ a<�
�1=6k1=6

lal
V

1=2
A exp � 4

3
þ 3

2

klal

klun

� �4=3
" #

: (20)

The magnetic spectrum for k > klal
is EBðkÞ ¼ ĉk�1exp

½�ð1=2Þðk=kgun
Þ2�, where ĉ is a constant and kgun

¼ �1=4=
l1=4g1=2, also as before. Again, ĉ is chosen by matching at

klal
, yielding

ĉ ¼ a<�
1=2k�1=2

lal
V

1=2
A exp � 4

3
þ 1

2

klal

kgun

� �2
" #

: (21)

The complete spectra for aligned turbulence in the Pm < 1

regime are

EvðkÞ ¼ EBðkÞ ¼ a<k�3=2�1=2V
1=2
A exp �4

3

k

klal

� �3=2
" #

;

ðk� klal
Þ; (22)

EvðkÞ ¼ a<k�5=3�1=2V
1=2
A k1=6

lal
exp

� 4

3
þ 3

2

klal

klun

� �4=3

� 3

2

k

klun

� �4=3
" #

; ðk 
 klal
Þ;

(23)

EBðkÞ ¼ a<k�1�1=2V
1=2
A k�1=2

lal
exp

� � 4

3
þ 1

2

klal

kgun

� �2

� 1

2

k

kgun

� �2
" #

; ðk 
 klal
Þ:

(24)

Aside from the constants that ensure continuity across

k ¼ klal
, the dissipation range spectra for aligned turbulence

are the same as those for unaligned turbulence. The only dif-

ference is the inertial part of the spectrum with its shallower

power law and steeper exponential.

B. Turbulence with general scaled damping

Consider the scaled attenuation of spectral energy trans-

fer by a generalized damping rate c0ðk=k0Þd, where c0 and d
are constants. Our object is to determine how the exponent a
of Eq. (1) depends on d, i.e., how the rate of exponential

decay relates to the rate of dissipation. The spectrum balance

is given by

�c0

k

k0

� �d

EðkÞ ¼ dTk

dk
; (25)

where for simplicity we will consider advective turbulence

with Tk ¼ v3
kk. Following Ref. 3, Tk is assumed to be propor-

tional to E(k), yielding Tk ¼ ðv2
k=kÞvkk2 ¼ EðkÞvkk2. For the

flow vk, we substitute from the solution of � ¼ Tk, or

vk ¼ �1=3k�1=3, yielding Tk ¼ EðkÞ�1=3k5=3. Substituting this

into Eq. (25),

�c0

k

k0

� �d

EðkÞ ¼ �1=3k2=3 5

3
EðkÞ þ k

dEðkÞ
dk

� �
: (26)

The solution is

EðkÞ ¼ a�2=3k�5=3exp � c0�
�1=3kðd�2=3Þ

ðd� 2=3Þkd
0

� �
for d 6¼ 2=3

a�2=3k�5=3k�½c0�
�1=3=kd

0
� for d ¼ 2=3:

8><
>:

(27)
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For d 6¼ 2=3, Eq. (27) can be put in the form of Eq. (1) with

a ¼ d� 2=3, b ¼ ðd� 2=3Þ�1
, and

kd ¼
�1=3ka

0

c0

� � 1
d�2=3

: (28)

We observe that for d ¼ 2 and c0 ¼ l (k0 ¼ 1), Eq. (27)

recovers the hydrodynamic dissipation range spectrum for

the closure of Ref. 3, including the appropriate Kolmogorov

wavenumber. For d > 2=3, larger values of d produce a

steeper exponential decay and smaller values produce a shal-

lower decay. d ¼ 2=3 is a special case in which the nonlinear

transfer rate and dissipation rate have the same variation

with k, keeping the ratio of these two rates equal over the

entire spectrum. There is no division between inertial and

dissipation ranges and the spectrum is a power law for all k,

albeit with a modified spectral index. In this spectrum, de-

spite the power law form, there is dissipation at all wave-

numbers. For d < 2=3, the exponent of k in the argument of

the exponential function becomes negative and the overall

sign of the argument becomes positive. This causes the expo-

nential to become increasingly weak for k > kd, yielding a

spectrum that is asymptotically a power law as k !1. For

k < kd, the argument of the exponential is greater than unity

and the effect of dissipation is significant. For this type of

dissipation scaling, the inertial and dissipation ranges

exchange places across kd relative to their arrangement in

hydrodynamics. This unusual arrangement simply follows

from having a dissipation rate which becomes weaker than

the nonlinear transfer rate at high k. Turbulence with a damp-

ing rate corresponding to d < 2=3 is not a hypothetical situa-

tion. In Secs. III C and IV C, we show that gyrokinetic

models of ITG turbulence have a nonlinear damping rate

with d < 2=3, and a spectrum that becomes a power law

asymptotically for k large.

C. Ion temperature gradient turbulence

Plasma turbulence in magnetic fusion devices is driven

by instabilities. The instability that dominates the turbulence

drive is a root of a dispersion relation with many additional

roots, generally. Most of the additional roots are damped.

When the modes corresponding to these damped roots are

excited by nonlinear mode coupling, there is an energy sink

whose rate is nonlinear and not given by linear damping

terms such as viscosity lk2 or resistivity gk2. Moreover,

because damped modes are excited in the same wavenumber

range as the instability, the damping rate need not increase

strongly with k.

The damping rate associated with nonlinearly excited

damped modes is a function of the saturated state and must be

determined from it. This has been done numerically for ITG

turbulence using the comprehensive toroidal gyrokinetic code

GENE (Ref. 18) for the CYCLONE base case.31 The damped

modes that are excited to finite amplitude number in the thou-

sands. The damping rate in saturation is calculated from the

conserved (in absence of drive and dissipation) energylike

quantity Uk ¼
Ð

dvjjdldzB0pn0T0jgj2=F0 þ
Ð

dzDðk?; zÞj/j2,

where g is the gyrokinetic distribution, / is the electrostatic

potential, B0; n0, and T0 are the equilibrium magnetic field,

background density, and background temperature, and D is a

function of perpendicular wavenumbers and distance z along

the field. The five gyrokinetic coordinates are here represented

by z, magnetic moment l, parallel velocity vjj, and, upon Fou-

rier transform, the two perpendicular wavenumbers. This

energy is conservatively transferred by the nonlinearity, gen-

erated by the instability drive, and damped by dissipative

processes. The drive and damping can be calculated by taking

@U=@t. Part of the construct involves @g=@t. Only dissipative

contributions to @g=@t are retained (linear parts), and other

conservative contributions cancel. The result is that @U=@t is

restricted to drive and damping, and excludes the conservative

nonlinear transfer. When these operations are performed,

@Uk

@t

				
N:C:

¼ Qk þ Ck; (29)

where N. C. signifies the nonconservative part of

@U=@t;Qk ¼
Ð

dvjjdldzpðn0T0B0=LTÞðv2
jj þ lB0Þg
iky�/ is

proportional to the heat flux, Ck represents collisional dissi-

pation and, in simulations, artificial dissipation, LT is the

temperature gradient scale length, and �/ is the gyroaveraged

potential. The term Qk includes the linear drive, which

makes a positive contribution. Damped modes also contrib-

ute to Qk, making in some cases a positive contribution and

in some cases a negative contribution. Damped modes domi-

nate Ck, making a negative contribution. Details can be

found in Refs. 11 and 13.

The quantities Qk and c ¼ U�1
k Ck are plotted in Figs. 1

and 2. The heat flux term Qk (Fig. 1) is positive, strongly

peaked, and localized inside k¼ 1.0. With Qk very small for

k > 1; @Uk=@tjN:C: is governed by Ck in this range. This

makes c ¼ U�1
k Ck the damping rate for the system above

k¼ 1.0, comparable to the quantity �c0ðk=k0Þd used in

Eq. (25). We observe from Fig. 2 that the damping rate

increases with k, first quite rapidly and then so gradually that

it appears to flatten out above k¼ 4.6. There is not a single

power law that fits this variation. For 0:5 < k < 2:0, the

variation of c is fit by �c0ðk=k0Þd with d ¼ 0:62. For

2:0 < k < 4:6, the variation is fit with d ¼ 0:166 (from the

points ky ¼ 2:0 and ky ¼ 4:0). Most of the damping associ-

ated with saturation of the instability occurs for k � 2 where

FIG. 1. Variation of the instability drive Qk as a function of ky. Qk peaks

inside k¼ 0.5 and is close to zero for k > 1.
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the instability drive and most fluctuation energy are local-

ized. As an exercise, let us use the power law fit to the varia-

tion of c over the admittedly limited range 2:0 < k < 4:6.

The purpose is to apply the results to Eq. (27) to see what

kind of a dissipation range spectrum would occur if the same

power law variation in 2:0 < k < 4:6 continued asymptoti-

cally to very large k. Taking d� 2=3 ¼ 0:166� 2=3 in Eq.

(27) to be� 0.5, the dissipation range spectrum is

EvðkÞ ¼ a�2=3k�5=3exp
1

2

kd

k

� �1=2
( )

; (30)

where kd ¼ c2
0=�

2=3. Because d actually approaches zero for

ky > 4:6, the power 1/2 in the exponential factor transitions

to something closer to 2/3 for ky > 4:6. Since k > kd, this

makes the exponential factor even closer to unity. This

spectrum assumes that the nonlinearity v �rv governs the

nonlinear energy transfer for the power density spectrum

EvðkÞ ¼ v2
k=k ¼ k/2

k of E � B flow in gyrokinetics. This

assumption may be an oversimplification for gyrokinetics,

where other types of cascades and spectra are known to

arise.12,32 It nevertheless illustrates features that are essen-

tial in microinstability driven turbulence and should remain

so even in more sophisticated treatments. These are that dis-

sipation is present over all wavenumbers, and that, while it

increases gradually with wavenumber, a power law is none-

theless the dominant form of falloff asymptotically for large

wavenumber. This is because dissipation is concentrated at

low wavenumber in the form of damped modes and

increases more slowly for high wavenumber than the non-

linear transfer rate. The result is that the dissipative expo-

nential factor approaches unity from above as k !1 and

the spectrum as a whole approaches a power law.

IV. COMPARISONS

The dissipation range physics and spectra discussed

above may represent oversimplification of the dynamics in

laboratory devices or even simulations with dissipative tur-

bulent transfer. Comparisons, however, are instructive, both

to assess the applicability of theory at its present stage of de-

velopment and to form hypotheses regarding effects that

may be missing or in need of better modeling. It is in this

spirit that comparisons with experiment and simulation are

undertaken.

A. Madison symmetric torus

Observations of an exponentially decaying magnetic

spectrum at small scale (high frequency) in the MST device7

provided the original motivation for developing theories of

dissipation range turbulence in plasmas. Large scale fluctua-

tions in MST are known to be well modeled by MHD as

unstable tearing modes and to launch a cascade to higher

wavenumber. While effects of the cascade have been calcu-

lated from a model that treats the turbulence as nonlinear

Alfvén waves in an infinite homogeneous medium, the role

of inhomogeneity (e.g., magnetic shear), two fluid effects,

and kinetic effects on the cascade are open questions. The

exponentially decaying spectrum applies to the cascade at

small scale. It is part of an anisotropy with respect to mag-

netic field. The magnetic spectrum for perpendicular wave-

number in the electron diamagnetic direction has a clear

exponential decay, while the perpendicular wavenumber

spectrum in the ion diamagnetic direction has power law

decay with a steep k�4
? falloff. The power in the electron dia-

magnetic direction is significantly larger than that of the ion

direction, hence the exponential spectrum dominates. The or-

igin of this anisotropy is not understood.

Because the spectrum is exponential, we simply fit a

spectrum of the form of Eq. (1) and see how closely it fol-

lows the observed spectrum. A fitting exercise for the form

EBðk?Þ ¼ k�b
? exp½�bðk?=kgÞa� returns values b ¼ 1:79 with

95% confidence bounds of (1.56, 2.02) and a ¼ 1:64 with

95% confidence bounds of (1.12, 2.16). To visualize the fit,

we choose theoretical values b ¼ �5=3 and a ¼ 4=3 that lie

within the confidence bounds. The fit with EBðk?Þ ¼
�2=3k

�5=3
? exp½�3=2ðk?=kgÞ4=3� is shown in Fig. 3. The fit is

sufficiently good that the results could be easily miscon-

strued. With two free parameters (� and kg), there is consid-

erable leeway for optimization. The real test is to see if the

returned values for � and kg are physically reasonable. The

returned value for � primarily gauges the measured spectral

FIG. 3. Perpendicular and parallel wavenumber spectra for magnetic turbu-

lence in MST. The perpendicular wavenumber spectrum is fit to a theoretical

spectrum, where the latter is a solid line, and the observed spectrum is indi-

cated by stars.

FIG. 2. Variation of the collisional dissipation rate �C and the damping

rate �CkU�1
k as a function of ky. The damping rate is seen to increase in

magnitude above k 	 0:2 with a variation that is quite strong at first and

then becomes very gradual.
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power and is not particularly telling. The returned value of

kg, however, can be compared to the theoretical value

kg ¼ ð�=g3Þ1=4
, calculated using the returned value of � and

the resistivity computed from local parameters. The fitting

gives kg 	 0:8 cm�1, while the value from plasma parame-

ters is nearly 4 times larger at kg ¼ 3 cm�1.

There might be a temptation to dismiss the above exer-

cise as flawed for its failure to account for Pm, or to include

anisotropic viscosity, inhomogeneity, kinetic effects, etc.

However, independent of any fitting, the spectrum does

show exponential falloff, and the simplest conclusion to be

drawn from the comparison is that there appears to be a form

of dissipation in the spectrum that is stronger than resistivity.

An obvious and physically sensible candidate is cyclotron

resonant absorption, which is expected to occur in this part

of the spectrum, and is already a candidate for observed non

thermal ion heating in MST.33 The comparison thus gives

evidence for kinetic dissipation, a process that is suspected

in other types of magnetic turbulent cascades. Clearly,

improved modeling of the MST spectrum requires the inclu-

sion of ion cyclotron resonant damping, a process that may

explain the spectrum anisotropy with respect to the k? direc-

tion through the resonance condition.

The fitting exercise also provides support for the central

hypothesis that dissipation range cascades combine the self

similar transfer of the inertial range with dissipation of

energy. Fitting forms that have only exponential decay and

do not include the power law behavior do not describe the

spectrum shape as well as those that include the power law.

B. Madison dynamo experiment

The MDE is a liquid sodium experiment whose turbulent

medium is not a plasma but a liquid metal. MHD is the only

applicable model, allowing tests of an important model for

plasmas without the complications of plasma processes such

as kinetic effects. Liquid sodium has a low magnetic Prandtl

number [O(10�5)] and provides an opportunity for studying

the physics of differential dissipation and nonlocality in dissi-

pation range cascades. Magnetic turbulence in this regime has

been previously studied in a number of devices.34–36

Spectra for MHD dissipation range turbulence with

Pm < 1 have been worked out previously.16 Like the Pm > 1

spectra derived above, nonlocal interactions in the wavenumber

range intermediate to the two Kolmogorov wavenumbers

(kg < k < kl) give a dominant power law decay for the more

heavily damped field, which in this regime is B, instead of

exponential decay. The magnetic spectrum for the unaligned

case is

EBðkÞ ¼ �2=3k�5=3exp � 3

2

k

kgun

� �4=3
" #

ðk � kgun
Þ;

(31)

EBðkÞ ¼ �2=3k�11=3k2
gun

exp � 3

2
ð1� PmÞ

� �

exp � 3

2

k

klun

� �4=3
" #

ðk 
 kgun
Þ; (32)

where the Kolmogorov wavenumbers for Pm < 1 are kgun
¼

�1=4=g3=4 and klun
¼ �1=4=l3=4. The kinetic energy spectrum

goes as EvðkÞ 	 �2=3k�5=3 for k � kgun
. With Pm¼ 10�5;

klun
=kgun

¼ ðg=lÞ3=4
is nearly 104. The dynamic range of

probes used to detect fluctuations of the flow and magnetic

field in MDE is not sufficient to access scales from kgun
to

klun
and permit observation of exponential decay for

k > klun
. The probes do, however, yield simultaneous mea-

surement of the magnetic and kinetic energy spectra over

scales around kgun
. They can check whether there are

power-law spectral indices of �11/3 and �5/3 for magnetic

and kinetic energies. The flow is excited by two oppositely

facing coaxial impellers. The Reynolds number is large

[O(107)] and the mean flow has large shear, driving highly

turbulent flow. A magnetic field imposed by external coils

is advected by the flow and becomes turbulent. The

regime is kinematic, i.e., Ev � EB. While the theory

assumes Ev ¼ EB for k < kgun
, the spectral transfer rates

for k > kgun
are TvðkÞ ¼

Ð
½v � ðv � rÞv�exp½ik � x�d3x and

TBðkÞ ¼
Ð
½B � ðv � rÞB� B � ðB � rÞv�exp½ik � x�d3x in both

cases, yielding identical spectral indices. The only differ-

ence between the two cases is an overall offset of EB from

Ev in the kinematic regime. Previous studies on MDE using

Hall probes8 established that the magnetic energy spectrum

undergoes a transition from a spectral index of �5/3 to

�11/3. They also demonstrated the validity of the Taylor

hypothesis and showed that the transition wavenumber has

a magnitude and scaling consistent with the Kolmogorov

wavenumber. Previously there was no diagnostic for the

self-consistent simultaneous flow. Laser Doppler velocime-

try measurements in a similar experiment in water were

used to infer the properties of the flow (non self consis-

tently, of course). The present studies address this limita-

tion, employing a newly developed combined probe that

allows simultaneous measurement of the three components

of both velocity and magnetic field fluctuations.

The results of measurements using the new probe are

displayed in Fig. 4. In the magnetic field, there is a driving

range below 4 Hz. Inertial behavior in the flow emerges at

FIG. 4. Kinetic and magnetic energy frequency spectra from the Madison

dynamo experiment. The Taylor hypothesis applies to these measurements,

so that frequency spectra are indicative of wavenumber spectra. Power laws

slopes are provided for comparison.
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somewhat higher frequencies. Most importantly, the mag-

netic field shows a transition from a falloff that is consistent

with f�5=3 to one that is consistent with f�11=3 while the flow

has a falloff consistent with f�5=3 everywhere above the tran-

sition from the driving range. As shown previously,8 the

Taylor frozen-in hypothesis holds in MDE, hence frequency

measurements indicate the behavior of the wavenumber

spectrum.

C. Gyrokinetic simulation of ITG spectrum

Gyrokinetic simulations of ITG turbulence (CYCLONE

Base Case) are well known to be insensitive to resolution in

perpendicular wavenumber space, provided the scales for

which the linear growth rate is positive are resolved. When

higher wavenumbers are included, neither the fluctuation

level nor transport rates are significantly changed. This is

because damping in and nearby the wavenumber range of

the instability from damped modes saturates the instability

and fixes turbulence and transport levels. Whatever energy is

not dissipated at low wavenumber finds its way to high per-

pendicular wavenumber where it undergoes a cascade.38 The

associated spectrum has been measured in a set of carefully

constructed high resolution runs.

Spectra from these simulations are shown in Fig. 3 of

Ref. 37. The traces correspond to simulations of trapped elec-

tron mode turbulence, electron temperature gradient turbu-

lence, and ion temperature gradient turbulence. All follow

power laws asymptotically. Because the amplitude-dependent

damping rate has only been calculated for the ITG case

(Sec. III C), we focus on that case. The spectrum is for density

fluctuations, hence a comparison with the dissipation range

theory of Sec. III must determine the relation between the ki-

netic energy and density spectra. For ITG turbulence, the ions

are adiabatic with n ¼ /. Then EvðkÞ ¼ v2=k ¼ k2/2=k ¼
k/2 ¼ kn2. The density spectrum is EnðkÞ ¼ n2=k
¼ EvðkÞ=k2. From Eq. (30), we find that

EnðkÞ ¼ a�2=3k�11=3exp
1

2

kd

k

� �1=2
( )

; (33)

where kd ¼ c2
0=�

2=3, as before.

The power law part of the spectrum, which dominates

the exponential asymptotically for k large, is in agreement

with the slope of the simulated spectrum, except for the larg-

est values of k where a non power law feature appears. The

latter may be due to small scale electron temperature gradi-

ent instability, whose dynamics are included in the model.

The dissipation range k < kd falls in the region of drive,

which is not accounted for in Eq. (33). The key conclusion

from this comparison is that the dissipation range theory

allows for a power law spectrum asymptotically when dissi-

pation is concentrated in large scales and grows with k more

slowly than the nonlinear decorrelation rate. Because the

energy in the cascade to high k becomes weakly damped as k
increases beyond the range displayed in Fig. 2, the spectrum

could become nonstationary at very large wavenumbers, or a

stronger form of damping might arise at the highest wave-

numbers to absorb the energy in the cascade.

V. CONCLUSIONS

Dissipation range cascades in hydrodynamics associated

with viscous damping are known to produce an exponential

falloff in the wavenumber spectrum. The same type of spec-

trum is shown here to occur for plasma turbulence. When the

scaling properties of the nonlinearity and dissipation apply

over all scales, the spectrum is a product of a power law and

an exponential factor, both of which apply to all scales. This

is the normal situation away from the scales of instability and

is shown here to be relevant to several types of plasma

turbulence.

A simple procedure developed in hydrodynamics for

deriving dissipation range spectra is found to be useful for

plasma turbulence. It shows that plasmas introduce effects

that modify both the power law and the exponent. These

include modifications of the wavenumber scaling of the

nonlinear transfer strength, modifications of the wavenum-

ber scaling of the dissipation rate, and nonlocal interactions

in wavenumber for situations with multiple fluctuation

fields and different dissipation rates. Generally, when the

transfer rate becomes weaker with smaller scale, the power

law falloff is shallower and exponential decay is stronger.

This arises because weaker transfer has a longer nonlinear

timescale, which allows greater dissipation in a nonlinear

time. This situation occurs when there is scale dependent

alignment of vector fields in MHD. It also occurs for

Pm > 1 MHD turbulence. In this situation, a nonlocal inter-

action associated with Lagrangian straining of the magnetic

field on scales above the viscous Kolmogorov scale by flow

on the viscous Kolmogorov scale imparts a shallow k�1

falloff to the magnetic energy. When magnetic energy

reaches the resistive Kolmogorov scale its exponential fall-

off is very strong. Analysis also shows that when damping

increases more slowly with wavenumber than the nonlinear

transfer rate, dissipation and inertial ranges can trade posi-

tions in wavenumber space, with the dissipation range at

low k and the inertial range at high k. This occurs for ion

temperature gradient turbulence modeled by gyrokinetics,

where there is large damping at low k from damped modes.

The above ideas have been tested with three comparisons

involving magnetic turbulence in the MST device, low Pm

MHD turbulence in the Madison Dynamo Experiment, and

gyrokinetic ITG turbulence. They show the relevance of the

dissipation cascade analysis described in this paper. The com-

parison with the exponential spectrum from magnetic turbu-

lence in MST also shows that kinetic effects not present in

MHD appear to contribute to the dissipation of turbulent

energy.
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